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Abstract. I study the evolution of haloes density proles as a function of time in the
SCDM and CDM cosmologies. Following Del Popolo et al. (1999), I calculate the con-
centration parameter c = rv=a and study its time evolution. For a given halo mass, I
nd that c(z) / 1=(1 + z) both in the CDM and SCDM cosmology, in agreement with
Bullock et al. (1999) analytic model and N-body simulations. In both models, a(z) is
roughly constant. The present model predicts a stronger evolution of c(z) with respect
to Navarro et al. (1997) (hereafter NFW97) model. Finally I show some consequences of
the result on galaxy modelling.
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1. Introduction
The structure of dark matter haloes is of fundamental importance to study the formation
and evolution of galaxies and clusters of galaxies. From the theoretical point of view
the structure of dark matter haloes can be studied both analytically and numerically. A
great part of the analytical work done so far is based on the SIM (secondary infall model)
introduced by Gunn & Gott (1972). Calculations based on this model predict that the
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2density prole of the virialized halo should scale as  / r−9=4. Self-similar solutions
were found by Fillmore & Goldreich (1984) and Bertschinger (1985), who found a prole
of  / r−2:25. Homan & Shaham (1985) (hereafter HS) considered a scale-free initial
perturbation spectra, P (k) / kn. They showed that  / r− with  = 3(3+n)(4+n) , thus
recovering Bertschinger’s (1985) prole for n = 0 and Ω = 1. They also showed that, in
an open Universe, the slopes of the density proles steepen with increasing values of n
and with decreasing Ω, reaching a prole  / r−4 for Ω ! 0.
N-body simulations, such that of Quinn et al. (1986), West et al. (1987) and Efstathiou et
al. (1988) arrived at conflicting results so showing that better numerical resolution were
needed to settle the issue. Recent results from higher resolution simulations (Navarro
1995, 1996, 1997 (hereafter NFW95, NFW96, NFW97); Lemson 1995; Cole & Lacey
1996; Tormen et al. 1997) obtained, using dierent codes and dierent setups for the
initial conditions, agreement in the conclusion that halo density proles do not follow a
power law but develope a universal prole, a one parameter functional form that provides
a good t to haloes over a large range of masses and for any scenario in which structures
form due to hierarchical clustering, characterized by a slope  = d ln 
dlnr = −1 near the
halo center and  = −3 at large radii. In that approach, density proles can be tted










where b is the background density and n is the central overdensity [below I shall refer
to Eq. (1) (Navarro et al. 1997) as the NFW prole]. The scale radius a, which denes the
scale where the prole shape changes from slope  < −2 to  > −2, and the characteristic
overdensity, n, are related because the mean overdensity enclosed within the virial radius
rv is ’ 180. I recall that according to Navarro et. al (1996, 1997), a is linked to a
"concentration" parameter, c, by the relation a = rvc and the parameter c is linked to the





ln(1 + c)− c=(1 + c) (2)
The scale radius and the central overdensity are directly related to the formation time of
a given halo (Navarro et al. 1997). The power spectrum and the cosmological parameters
only enter to determine the typical formation epoch of a halo of a given mass, and
thereby the dependence of the characteristic radius, a, or the overdensity n on the total
mass of the halo. n increases for decreasing virial mass, Mv. A natural reason for the
fact that low-density haloes tend to show higher densities is that they typically collapse
3earlier, when the universe was denser. To model this trend NFW97 proposed a step-
by-step calculation of the density prole assuming that the characteristic density, n, is
proportional to the density of the universe at the corresponding collapse redshift, zc. This
model successfully predicts the n−Mv relation for dierent cosmological models at z = 0.
The model has been also extended in NFW97 to predict the redshift dependence of the
halo prole parameters but, as shown by Bullock et al. (1999) for the CDM cosmology,
the evolution of c (and consequently of n) is much stronger than in the NFW97 model.
In this paper I use the improved SIM introduced by Del Popolo et al. (1999) to determine
c(z) for both SCDM and CDM models and to compare it with NFW97 and Bullock et
al. (1999) models prediction.
The plan of the paper is the following: in Sect. 2 I introduce the model. In Sect. 3 I
show the results of the model and Sect. 4 is devoted to conclusions.
2. Time evolution of the concentration parameter
The simplest version of SIM considers an initial point mass, which acts as a nonlinear
seed, surrounded by an homogeneous uniformly expanding universe. Matter around the
seed slows down due to its gravitational attraction, and eventually falls back in concen-
tric spherical shells with pure radial motions. The assumptions of SIM that are more
often questioned are the spherical symmetry and the absence of peculiar velocities (non-
radial motions): in the "real" collapse accretion does not happen in spherical shells but
by aggregation of subclumps of matter which have already collapsed; a large fraction of
observed clusters of galaxies exhibit signicant substructure (Kriessler et al. 1995). Mo-
tions are not purely radial expecially when the perturbation detaches from the general
expansion. Neverthless the SIM gives good results in describing the formation of dark
matter haloes because in energy space the collapse is ordered and gentle, dierently from
what seen in N-body simulations (Zaroubi et al. 1996). As I showed in a recent paper,
Del Popolo et al. (1999), the discrepancies between the SIM and some high resolution
N-body simulations are not due to the spherical simmetry assumption of the SIM but to
some not accurate assumptions used in its implementation. As I showed in Del Popolo et
al. (1999), the predictive power of the SIM is greatly improved when some problems of
the previous implementations are removed.
To begin with, the conclusion  / r−2 for n < −1, claimed by HS, is not a direct conse-
quence of the HS model, but it was an assumption made by the quoted authors following
the study of self-similar gravitational collapse by Fillmore & Goldreich (1984). In fact,
as reported by the same authors, in deriving the relation between the density at maxi-
4mum expansion and the nal one, HS assumed that each new shell that collapses can be
considered as a small perturbation to the gravitational eld of the collapsed halo. This
assumption breaks down for n < −1.
Secondly, the assumption made by Homan & Shaham (1985) that (r) / (r) / r−(3+n)
is not good for regions internal to the virial radius, rv (see Peebles 1974; Peebles & Groth
1976; Davis & Peebles 1977; Bonometto & Lucchin 1978; Peebles 1980; Fry 1984). In the
inner regions of the halo, scaling arguments plus the stability assumption tell us that
(r) / r− 3(3+n)(5+n) and we expect a slope dierent from that of HS. In other words, HS’s
(1985) solution applies only to the outer regions of collapsed haloes and consequently the
conclusion, obtained from that model, that dark matter haloes density proles can be
approximated by power-laws on their overall radius range is not correct. It is then nec-
essary to introduce a model that can make predictions also on the inner parts of haloes.
Thirdly, according to Bardeen et al. (1986), (hereafter BBKS), the mean peak prole
depends on a sum involving the initial correlation function, (r) / r−(3+n), and its


















The variance (R; z) is given by:





dkk2P (k)W 2(kR) (5)
where the function D(z; Ω) describes the growth of density fluctuations (Peebles 1980)




(sin kR− kR cos kR) (6)
















while #(γ; γ) is:
#(γ; γ) =
3(1− γ2) + (1:216− 0:9γ4 exp h− (γ2  ( γ2 2ih
3 (1− γ2) + 0:45 + ( γ2 2i1=2 + γ2 (9)
5I recall that the z dependence of  is:
(z) = 0D(z; Ω) (10)
being 0 the overdensity as measured at current epoch t0. As can be seen for example in
the case of a scale-free density perturbation spectrum (Del Popolo et al 1999, Eq.20) the
initial mean density obtained using the model of this paper is extremely dierent from
that obtained and used in HS.
The rst step to get c(z) is to calculate (r) for a given cosmology starting from the
related spectrum. In order to calculate (r) in the SCDM cosmology (Ω = 1, h = 0:5,
n = 1) I use the spectrum given by BBKS:
P (k) = Ak−1 [ln (1 + 4:164k)]2(
192:9 + 1340k + 1:599 105k2 + 1:78 105k3 + 3:995 106k4−1=2 (11)
normalized by imposing that the mass variance at 8h−1Mpc is 8 = 0:63. For the CDM
model (Ωm = 0:3, ΩΛ = 0:7, h = 0:7) I also use the BBKS spectrum normalized as
8 = 1. Supposing that energy is conserved, the shape of the density prole at maximum










where ri and i are respectively the initial radius and density, while Ω(z) is the density
parameter at epoch z. The nal radius, r, and the initial one, ri are connected by:
r = Fri
1 + i
i − (Ω−1i − 1)
(13)
where F is given in Del Popolo et al. (1999) (Eq. 26) and the mean fractional density







In order to calculate the evolution of c = rv=a I must calculate the inner radius a and
the virial radius, rv. The inner radius, a, is characterized by the condition:
dlog(r)
dlog(r)
ja = −2 (15)
while the virial radius, rv, is the radius within which the mean overdensity is v times





6where Mv is the virial mass of the halo and the critical density b is:
b(z) = 0b

Ω0(1 + z)3 + ΩR(1 + z)2 + (1− Ω0)

(17)
The subscript 0 indicates that the parameter must be calculated at epoch t0, Ω0 = 8G0b3H20
and ΩR = 1(H0R)2 , being R the radius of curvature and H0 the Hubble constant at t0.
The virial overdensity, v, is provided by the spherical top-hat collapse model, that for
the family of flat cosmologies (Ω0 + ΩΛ = 1), gives:
v(z) ’ (182 + 82y − 39y2) (18)
(Bryan & Norman 1997), where y  Ω(z)− 1 and Ω(z) is:
Ω(z) =
Ω0(1 + z)3
Ω0(1 + z)3 + ΩR(1 + z)2 + (1− Ω0) (19)
In the limit z !1, Eq. (16)-(19) give the corresponding quantities for the SCDM model.
3. Results
In NFW96 and NFW97, the N-body simulations were interpreted by means of a model, a
step-by-step calculation of the density prole that is also useful to calculate the mass and
redshift dependence of the concentration parameter, c. This model assigns to each halo
of mass Mv identied at z = z0 a collapse redshift, zc, dened as the time at which half
mass of the halo was rst contained in progenitors more massive than some fraction f of
the nal mass, Mv. Lacey & Cole (1993) showed that a randomly chosen mass element
from a halo having mass Mv identied at redshift z0 was part of a progenitor with mass
exceeding fMv at the earlier redshift z with probability






where 20 is the linear variance of the power spectrum and crit(z) is the density threshold
for spherical collapse at redshift z. The collapse redshift zc is determined setting P = 1=2.
Assuming that the characteristic density of a halo is proportional to the density of the







Given Mv and z0 it is possible to obtain zc from Eq. (20) and n from Eq. (21), thus
completely specifying the density prole.
NFW97 model is in agreement with N-body simulations at z = 0, for several dierent






Fig. 1. Evolution of the concentration parameter, c, in the ΛCDM model of the text for a halo
of 8 × 1011h−1M. The solid line is the behavior of c for haloes of 8 × 1011M predicted by
NFW97 analytic procedure while the dotted line with errorbars represents the evolution of c
obtained in Bullock et al. (1999) simulations. The dashed line represents the prediction for c(z)
given by the present model.
as shown by Bullock et al. (1999), it does not reproduce properly the redshift dependence
of the halo proles as seen in their simulation: it over-predicts the concentration, c, at
early times, z  1.
In Del Popolo et al. (1999), I showed that the improved SIM model, introduced in that
paper, gives good results in predicting the shape of the dark haloes proles and the mass
dependence of the concentration parameter, c, both in a SCDM model and in a scale-free
universe. In that paper, I did not study the redshift dependence of the concentration
parameter. Here, in order to answer this question, I calculated the evolution of c for two
dierent cosmologies, namely SCDM (Ω = 1,h = 0:5,n = 1; 8 = 0:63) and CDM
(Ωm = 0:3, ΩΛ = 0:7, h = 0:7, 8 = 1). The results are plotted in Fig. 1-6. The solid line






Fig. 2. Same as Fig. 1 but for the SCDM model of the text. The solid line is the behavior of c for
haloes of 8× 1011M predicted by NFW97 analytic procedure while the dashed line represents
the prediction for c(z) given by the present model.
NFW97 model in a CDM model. The dotted line represents the c(z) median as obtained
in N-body simulations by Bullock et al. (1999) and the Poisson errorbars were obtained
by the quoted authors from the prole tting procedure: after identifying a center for the
halo, they count particles in logarithmically spaced radial bins and assign corresponding
Poisson errors based on the count in each bin. The dashed line is c(z) obtained by means
of the present model. The model was normalized to match the normalization of the z = 0
relation. As can be seen from Fig. 1, the NFW97 model (solid line) over-predicts the
concentration, c, by ’ 50% at z = 1, with respect to the present model (dashed line) and
by ’ 40% with respect to that of Bullock et al. (1999) (dotted line). The disagreement
increases with increasing z. The present model predicts c / 1=(1 + z) in agreement with
that of Bullock et al. (1999). In Fig. 2 I show the result of the same calculation for the
SCDM model. Similarly to the previous gure NFW97 model (solid line) over-predicts
the concentration c. In the present model (dashed line) c / 1=(1 + z) in agreement with





Fig. 3. Disk size, Rd, as a function of z for the SCDM model introduced in the text assuming
that md = 0.1, jd = 0.05 and that the spin parameter λ = 0.05. The solid line represents Rd
obtained from Mo et al. (1997) model assuming that the evolution of c follows NFW97 model.
The dashed line is the prediction of the model presented in this paper.
Bullock et al. (1999) analytic result and simulations.
The scaling behavior of c can be explained in the same way described by Bullock et al.
(1999): in the present model the scale radius, a, is roughly constant then the z depen-
dence of c = rv=a comes from the virial radius rv: aside from the z dependence of v,
both in the SCDM and CDM model rv / 1=(1 + z).
As pointed out by Bullock et al. (1999), this kind of behavior of c(z) should have a large
impact on galaxy modelling at high redshift and for interpreting high redshift data (e.g.,
evolution of the Tully-Fisher relation (Vogt et al. (1997) and the nature of Lyman Break
Galaxies (Steidel et al. 1996)). According to the standard picture of galaxy formation,
structure grows hierarchically from small, initially Gaussian density fluctuations. Col-
lapsed, virialized dark matter haloes condense out of the initial fluctuation eld. Gas
associated with such dark haloes cools and condenses within them, eventually forming
10







Fig. 4. Same as fig. 3 but for the ΛCDM model introduced in the text.
galaxies. In this scenario, the growth of the dark matter haloes is not much aected by
the baryonic components, but determines how they are assembled into nonlinear units.
The halo density prole determines many of the properties of galaxy disks, e.g. their size
and surface brightness. In order to show the eect of c evolution on disk properties, I use
the model by Mo et al. (1997) as done by Bullock et al. (1999). Assuming that haloes
are described by NFW proles, that galaxies form from gas cooling within rv, that the
disk mass is a fraction md of Mv, that the disk angular momentum, Jd, is a fraction, jd,
of that of the halo and that the disk is thin and have an exponential density prole:
(R) = 0 exp(−R=Rd) (22)
where 0 is the central surface density and Rd the disk scalelength, then the disk size,






rv(z)f−1=2c (z)fR(; c; md; jd; z) (23)
where  is the spin parameter, fc and fR are respectively given by:
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Fig. 5. The ratio of the disk brightness I(SIM), obtained assuming that c(z) is given by the
model of this paper, and I(NFW), obtained assuming that c(z) follows NFW97 model. The




1− 1=(1 + c(z))2 − 2 ln(1 + c(z))=(1 + c(z))















where 0  (jd=md). In Fig. 3 and Fig. 4 I plot the z dependence of the disk size,
Rd, respectively in the SCDM and CDM model, assuming that md = 0:1, jd = 0:05
and that the spin parameter  = 0:05. In both gures the lower concentration of haloes
at high redshift produces a disk size larger (dashed line) than that obtained in the Mo
et al. (1997) model. The dependence of the surface brightness, I(z), from c and z can
be obtained remembering that it scales as I / R−2d . As shown in Fig. 5 and 6, both
in the SCDM and CDM model the ratio of the brightness I(SIM), obtained using the
c(z) given by the present model with I(NFW), obtained using the c(z) given by NFW
model, is smaller than 1 and decreases with z. This means that according to the present
model disks are dimmer with respect to NFW prediction and that the eect increases
12







Fig. 6. Same as Fig. 5 but for the ΛCDM model of the text
with increasing z.
Besides the two examples that I have just given, the strong evolution of the concentration
parameter, c, aects several other properties of disks and, as previously reported, has
some implications for galaxy modelling. For example, the shape of a disk rotation curve
depends, among other, on the concentration, c, of its halo. Since more strongly peaked
curves are found in more concentrated haloes and evolution produces a reduction of the
concentration of haloes one expects that evolution tends to produce less peaked rotation
curves. Further implications of the c(z) dependence shown in this paper are discussed in
Bullock et al. (1999). However, as stressed by the quoted author, much work remains to
be done in order to have a deeper understanding of the implications of the result obtained
in this and their paper on galaxy modelling.
4. Conclusions
In this paper I studied the evolution of the concentration parameter, c(z), for xed mass
haloes, by means of the improved SIM introduced in Del Popolo et al. (1999). Both in
13
the SCDM and CDM model c(z) / 1=(1+ z) and the evolution of c(z) is much stronger
than that expected from NFW97 model. A comparison with the high-resolution N-body
simulations of Bullock et al. (1999) shows a good agreement both for the SCDM and
CDM model.
The result has important consequences on galaxy modelling at high redshift and on some
disks characteristics. In particular the disk size obtained in the present model is larger
than that obtained using Mo et al. (1999) together with NFW prediction for c(z). The
reverse is true for the disk brightness.
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